Abstract-This paper presents an optimized design of Litz-wire coil pair with ferrite substrates based on a set of analytical expressions and a 2-D finite-element analysis (FEA) in a way that the coupling coefficient is maximized. An investigation is made on key structure parameters of coils (e.g., structure of Litz-wire, number of turns, and number of layers) to determine their influence on self-inductance and mutual inductance respectively. The influence of ferrite substrate (e.g., relative permeability and thickness) is also considered. Different types of fabricated coils are used to verify all analytical expressions and optimization methods, and it is found that the theoretical predictions and simulations are in agreement with the measured results.
INTRODUCTION
In order to reduce the risk of postoperative infection and patient discomfort, transcutaneous energy transfer system (TETS) is widely applied to wireless powering of implantable biomedical devices, such as left ventricular assist devices (LVAD) [1] , artificial anal sphincters [2, 3] , artificial retinas [4] , and wireless neurostimulators [5] . The performance of TETS largely depends on the high power transfer efficiency (PTE), which is imperative to minimize the size of the external drive source, heating of the tissue, and interference with other devices. The most effective way to improve the PTE is to increase the coupling coefficient between the two coils. Generally speaking, two kinds of planar coils have been designed and documented in several researches. The first type is the printed spiral coils (PSC), which may be further broken down into either rigid or flexible types, and such a type is applicable to those cases with requirements of low power, high frequency and strict size constrain (intraocular or intracranial space) [6, 7] . One example of a flexible PSC fabricated with a liquid metal alloy encased in a biocompatible elastomeric substrate is the retinal prosthesis system [8] . This system utilizes an inductive transfer link to wirelessly deliver 100 mW of power to the flexible micro-coil implanted inside the eye with 21% PTE (4 MHz) at a 12 mm separation. Filament wire coil, such as Litz-wire coil, is another planar structure that comprises multiple individually insulated strands. This kind of coil is suitable for applications with requirements of significant power but less size constrains. As described in [1] , TETS with Litz-wire coils can transmit electric energy 20 W with a tissue thickness of 5 mm∼15 mm at an efficiency of over 85%. In addition, ferrite components have been successfully used to constrain flux to desired paths in order to improve coupling between coils and consequently prevent excessive loss of surrounding materials caused by magnetic field leakage [9, 10] . However, to the best of our knowledge, optimized design of Litz-wire coil pair with ferrite substrate in a way that the coupling coefficient is maximized with respect to the structure and geometry of planar Litz-wire coils as well as the influence of the magnetic substrate via modeling analysis remains to be further addressed in the published literature.
This research focuses on investigating the coupling coefficient between two Litz-wire coils with ferrite substrates suitable for a artificial anal sphincter system (AASS) for treating severe fecal incontinence (FI) [11] , and using appropriate analytical, simulation and experimental data to optimize the coil design. Some compact models for predicting self inductance and mutual inductance are presented. The proposed model calculates the prediction based on winding characteristics, substrate properties, and geometric parameters of the planar coils as well as relative placement of the coils in the TETS. On such foundation, we devised an appropriate coil design method starting with a set of realistic constrains and ending with the optimal coil pair geometries. A simulation approach with finite element analysis (FEA) was used in this work; therefore, experimental results of some prototypes are included to confirm the validity of the theory and optimization method. Figure 1 shows a schematic circuit representation of a TETS applied in AASS [11] . AASS was powered by use of a typical voltage-fed full bridge series-resonant inverter. It employed a traditional zero-voltage switching (ZVS) full-bridge DC-AC inverter topology consisting of primary and secondary coils (L 1 , L 2 ). The primary coil is located outside the body and generates an electromagnetic field. This timevarying field penetrates the skin and induces currents and voltages in the implanted secondary coil. A full wave rectifier and a charge-holding capacitor were used to convert the AC power to DC power. Next, a DC-DC voltage regulator stepped down this rectified voltage to a constant 5 V according to the requirements of AASS. For the sake of compensation on the primary side of a loosely coupled link, two tuning capacitors (C 1 , C 2 ) were added to the primary and secondary circuits to enhance the power transfer capability. respectively. In this approach, the coil is modeled as a set of circular filamentary currents, each of which drives a current of amplitude I Φ at an angular frequency ω. The linear, homogeneous, and isotropic ferrite substrate is characterized by its conductivity σ, relative permeability µ r , and thickness t. The azimuthal electrical field E ϕ,i generated by a ith-turn of the separate coil in Figure 2 
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System Overview
Analytical Model of Coil
J 1 is the Bessel function of the first kind and order 1, and k is the integration variable. The parameter λ(t) depends on material properties and is defined as
In the linear problem, the total electrical field can be computed applying the superposition principle as follows:
The total induced voltage at the winding position z = d is the sum of the voltage induced at each turn which can be calculated by integrating the E Φ (r, z) along the winding length as follows:
therefore, the equivalent impedance is
where R S represents the losses due to the eddy currents in the substrate, L 0 the coreless inductance that will exist in the absence of the substrate, and ∆L the additional inductance due to the presence of the substrate.
The geometric function T (k) in (11) is defined as
where λ real (t) is the real part of the parameter λ(t) defined in (7). From [13] , for condition R/a 1, the self-inductance of a coil in air with a single-loop radius a and a wire radius R can be approximated as
In addition, for perfectly aligned loops, the mutual inductance of the two parallel single-turn aircored coils with loop radii of a and b can be expressed by using Equation (14), where d is the relative axial separation.
where K(k) and E(k) are the complete elliptic integrals of the first and second kind respectively, and parameter k is defined in [13] . Thus, the self inductance L 0 of the coil in air composed of N t concentric circular loops is the following
From [14] , the contribution of the ferrite substrates to the mutual inductance ∆M , shown in Figure 2 (c), is given by the following expression
where
Considering Equations (14) and (16), the overall mutual inductance M can be obtained by adding the mutual inductance of the coil pair in the air and a contribution of the substrates ∆M .
Therefore, an equation relating the self inductance and mutual inductance M to the coupling
FEA Simulated Model
In order to verify the validity of analytical expression related to the self inductance L and mutual inductance M , we adopted FEA with Maxwell V16.0. L and M as fundamental electrical engineering parameters for coil can be computed by applying the Bio-Savart law, Neumann's formula or other alternate methods [15, 16] . The results of the numerical solution deduced in [17] for the mutual inductance of two coaxial circular coils with rectangular cross section are in excellent agreement with that of the filament method [18] . Thus, in order to reduce the complexity of the model and save simulation time, two coaxial cylinder coils with rectangular cross section were adopted in FEA. Figure 3 (a) illustrates the mesh created for the coil pair. The yellow components of the coils represent the copper windings with a conductivity of 5.8 × 10 7 S/m. The actual primary coil in the TETS had N t1 turns of Litz wire made with 400 strands of American-wire-gauge (AWG) 44 corresponding to a wire diameter of 1.7 mm; the secondary coil had N t2 turns of Litz wire made with 50 strands of AWG 44 corresponding to a wire diameter of 0.6 mm. The detailed design constraints were listed in Table 1 . Thus, from the Maxwell software, the coil was modeled as a cylinder with an outer radius of r o , inner radius of r i , and a thickness of Φc, which was approximately equal to the diameter of the actual Litz wire. The primary and secondary ferrite substrates were also modeled according to the actual dimensions and properties. Figure 3 (b) illustrates the magnetic field density cross section contours around a primary and a secondary coil (P3S3 shown in Table 3 ) at an axial separation of 15 mm. The magnetic field in a sandwich structure is at its highest on the center facing the primary and slightly drops off on the face far away from the center. The overall magnetic field was evenly distributed in a large range through the internal radius to the external radius, and it greatly reduced the electric magnetic field above and below the secondary and primary windings. In order to investigate coupling effects caused by the coil number of layers, N l , a 2-D simulation model with a rectangular cross-section (Figure 3(c) ) was constructed to reduce the number of elements, and hence simulation time. Increasing the spread of the coil involves widening the cross-section. It was possible to operate with primary magnetic flux density (B) and field intensity (H) around the structures by the use of vector algebra and calculus operations through field calculator of the Maxwell program [19] . The self and mutual inductance of the separate coils (L P i , L Sj , M P,ij , M S,ij and M P S,ij shown in Figure 3(c) ) can also be solved by the energy storage which is determined by the magnetic flux density and field intensity in the solution space. The overall self inductance and mutual inductance of this system can also be defined as follows (20) where N Lp and N lS are the primary and secondary number of layer, respectively.
OPTIMIZATION DESIGN
Design Constraints
The optimization approach employed as mentioned above is to use the analytical models and FEA to examine the combined effect of specific variables on k. According to step-by-step design procedure, a set of design constrains as shown in Table 1 were utilized as a starting point to determine the optimal geometries and substrate properties of the coil pair in order to maximize the k. The design parameters that could be optimized included the number of turns N t , number of layers N l , substrate relative permeability µ r , and substrate thickness t. Matlab-software producing 3D curves could demonstrate the changes in k when geometric parameters and substrate properties changed over a specific range.
Investigating Coupling Effects Due to N t
The secondary µ r and t, and primary µ r and t with initial values (µ r = 2000, t 1 = 0.5 mm, and t 2 = 1 mm) were set before we started the optimization process for the N t1 and N t2 in consideration of the fact that these initial values might not be optimal. The maximum number of turns in a coil was defined in Table 1 . Through plugging the initial values in (11), (15), (20) and (21), we found the k while sweeping N t1 and N t2 to be in a wide range around their initial values as shown in Figures 4(a) and (b) at a separation of coil pair of 10 mm and 20 mm, respectively. Figures 4(a) and (b) show that there was an optimal saturation value for N t2 beyond which there was no significant benefit to maximize the k as for every value of N t1 . As N t1 increased, k also increased; the best choice for N t1 was 14, and k almost flattened (k = 0.358) for N t2 > 11 with a separation distance of 10 mm. When the separation distance was changed to 25 mm, k almost reached at maximum value (k = 0.121) for N t1 = 11 and N t2 = 10. This indicated that the larger N t2 values were not better for improving the k at a fixed distance D. Therefore, we set N t1 = 13 and N t2 = 11 for the next optimization step. 
Improving Coupling by Adding Ferrite
The effects of the ferrite disk as a part of the coil pair on magnetic field distributions in the vicinity of a TETS was first investigated, and the simulations for the coil structures presented in Figure 3 (a) were performed using FEA. Careful examination of the magnetic field distribution is shown in Figure 5 .
To visualize the differences in the magnetic flux density distribution more clearly, the maximum limits of the color maps in Figure 5 were defined as 5200 µT. Figure 5 (a) reveals that the magnetic flux density was strong near the coils without ferrite disks and significantly smaller than the case shown in Figure 5 (b). Looking at Figure 5 (b), there were clear differences in the magnetic field distributions. The magnetic flux density directly above and below the secondary and primary coils was significantly lower due to guiding and shielding effects on the magnetic field provided by the ferrite and the magnetic field generated by the coils with ferrite disks was strong and uniform in a larger range. In this step, we studied the enhancement effect of the ferrite substrate on k. The parameter λ(t), which depends on material properties defined in (4), contains four variables about the substrate of interest, i.e., t, µ r , σ, and f , all of which positively affected the L and M by the magnetic field according to (11) and (16) . which represents the coupling coefficient between the two coils in air without substrates (k 0 = 0.279 for D = 10 mm, k 0 = 0.092 for D = 25 mm). It was clear that an increase of either of the two variables was not continuously beneficial to the k. There were optimal values for u r and t that maximized k. k was mostly benefited by an increase in u r rather than by an increase in the thickness. The thicknesses of the primary and secondary coils were selected to be 0.5 mm and 1 mm, respectively in order to account for the size constrains and available materials. Figure 6 (b) shows the calculated k as a function of u r when the coil pair has 10 mm and 25 mm separations. It can be noted that the enhancement effect of the substrate was directly proportional to u r ; however, the contribution to k reached a saturation point at 0.361 for u r > 2000 at 10 mm, and 0.124 for u r > 2000 at 25 mm, respectively.
Relating Coupling Effects to Number of Layer
After optimizing N t , t and µ r , an attempt was made to investigate the relating coupling effect on number of layer N l associated with the optimized parameters, which was characterized by N t1 = 13 (r o1 = 7.9 mm), N t2 = 11 (r o1 = 10.9 mm), t 1 = 0.5 mm, t 2 = 1 mm and µ r = 2000. Here, the maximums N l of primary and secondary coils were set at 5 and 2. 
EXPERIMENTAL VERIFICATION
Experimental Setup
To evaluate the validity of the formula of determining the self-and mutual-inductance and the optimization methods presented in the previous sections, variable prototypes were fabricated with Litz wire as practical examples. The geometric and characteristic parameters of these coil pairs are shown in Table 2 . Although these coils were not exactly the same as those with the theoretically optimal values found in Section 3, they validated the accuracy of our analytical models and simulation, and, by extension, the proposed optimization method. It should be noted that the ferrite material is brittle, especially when it has been fabricated into thin plates. In this paper, three kinds of available ferrite plates with a thicknesses of 0.5 mm, 1 mm and 5 mm were used. P0S0 represents the air-cored structure link, and the other represents the structure link with different values of N t , N l , t and µ r described in Section 3. The practical self-inductance values were determined by measuring the coils in practice with a HIOKI 3532-50 impedance analyzer with an HP 16047A test fixture to achieve a higher accuracy in minimizing residual parameters and contact resistances. Figure 8(a) shows the practical measurement setup to measure the mutual inductance between the two coils. The primary coil was fixed at an upholder, and the secondary coil was mounted on a four-dimensional-coordinate moving workbench.
The relative position between the coil pair could be randomly adjusted. The axial distance between the coil pair would be approximately equal to the thickness of the patient's skin, fatty tissue, and muscle, and it was nominally between 10 to 25 mm [20] . 
Mutual Inductances between Coils
To analyze the enhancement effect of ferrite substrate on mutual inductance M numerically, 3-D FEA simulations for P0S0 and P1S1 were done in Maxwell v.16; to predict the M analytically, some analytical models were employed using the aforementioned parameters shown in Tables 1 and 2 . The M curves as functions of axial separation for case P0S0 (air-cored structure) and case P1S1 (sandwiched structure) are plotted in Figure 9 (a). Equation (11) was used for analytical prediction for M in case P0S0. To calculate the enhancement mutual inductance ∆M due to the contribution of the substrate, Equations (13) and (17) were employed in this model. The measured enhancement mutual inductance (∆M measured) can be calculated by subtracting the measured results of case P1S1 from those of case P0S0. The simulated enhancement mutual inductance (∆M simulated) can be obtained in the same way. The agreement among the measured, calculated, and simulated results was very good in all cases. Models Equations (11) and (17) can easily predict M and ∆M , respectively. These results in Figure 9 (a) indicate that the mutual inductance between the primary and secondary coils can be enhanced when ferrite substrate is used and will be dropped with the increase of axial distance. The comparison among the measured, calculated, and simulated results in Figure 9 (b) shows that the error between the calculated and measured results for case P0S0 is limited to 7.3%. The simulated results were also compared with the measured ones, and the error was limited to 6.4%. The maximum error among the measured, calculated, and simulated M for P1S1 was less than 6.8%. Figure 10 illustrates the measured, calculated, and simulated results related to the coupling coefficient when the axial separation is increased from 5 mm to 25 mm for the five kinds of coil pairs. As expected, the coupling coefficient decreases as the separation increases under the condition of axially aligned coils. All three methods produced consistent results. Results from Figure 10 (a) shows that significant enhancement of coupling coefficient can be achieved by using ferrite substrate. Figure 10 (b) shows that the same order of magnitude on coupling strength can be obtained from the coil pair with a small number of turns placed near the edge of the winding area over the entire structure, and an explanation for this observation could be the magnetic flux distribution associated with the innermost radius of the winding [21] . The magnetic field intensity of the winding with a smaller inner radius was the Table 2 .
Coupling Coefficients of Coils
highest in the central region and dropped quickly from the center to the periphery of the spiral winding; by contrast, the magnetic field distribution of the winding with a relatively large innermost radius decreased evenly and slowly from the periphery to the center. This is an important observation in the planar spiral winding design. In our design, the outermost radii of the primary and secondary coil were fixed, which led to a type of coil pair with an optimal innermost radius to obtain the best coupling coefficient. Figures 10(c) and 11(d) show the effect of changing the two design parameters of t and N l on the value of k, respectively. It is found that the results shown in these figures are consistent with the theoretical analysis of the optimization design described in Section 3.
CONCLUSION
The proposed optimization design of Litz-wire coil pair with ferrite substrate has shown an excellent performance in TETS. A series of formulas of self-and mutual-inductance for two coaxial Litz-wire coils sandwiched between two ferrite substrates have been established. These formulas were based on the physical dimensions (N t and N l ) of the coil and with electromagnetic properties (t and µ r ) of the ferrite substrate considered. A step-by-step procedure was devised to optimize the parameters of N t , N l , t, and µ r for such coil pair to maximize k. Furthermore, several coil pairs were also fabricated and tested to validate the design procedure. All calculated, simulated and measured results were in good agreement within the design constrains, which demonstrated the validity of the models and proposed optimal design.
